Let γt(G) be the total domination number of graph G, a graph G is k-total domination vertex critical (or just k-γt-critical) if γt(G) = k, and for any vertex v of G that is not adjacent to a vertex of degree one, γt(G − v) = k − 1. Mojdeh and Rad [6] proposed an open problem: Does there exist a 3-γt-critical graph
Introduction
Let G = (V, E) be a simple connected and undirected graph with vertex set V (G) and edge set E ( A set S ⊆ V (G) is a dominating set if for each v ∈ V (G) either v ∈ S or v is adjacent to some w ∈ S. That is, S is a dominating set if and only if N [S] = V (G). The domination number γ(G) is the minimum cardinalities of minimal dominating sets. A set S ⊆ V (G) is a total dominating set if for each v ∈ V (G), v is adjacent to some w ∈ S. That is, S is a total dominating set if and only if N (S) = V (G). The total domination number γ t (G) is the minimum cardinalities of minimal total dominating sets. Obviously, γ(G) ≤ γ t (G). A γ t (G)-set S is a total dominating set of G with |S| = γ t (G).
A graph G is called vertex domination critical if γ(G − v) < γ(G), for any vertex v of G. Further properties on vertex domination critical graphs were explored in [1] [2] [3] 7] .
Goddard, Haynes, Henning and van der Merwe [4] introduced the concept of total domination vertex critical. A graph G is k-total domination vertex critical (or just k-γ t -critical) if γ t (G) = k, and for any vertex v of G that is not adjacent to a vertex of degree one, γ t (G− v) = k − 1. For a more detailed treatment of domination-related parameters and for terminology not defined here, the reader is referred to [5] .
Mojdeh and Rad [6] solved an open problem of k-γ t -critical graphs and obtained some results on the characterization of total domination critical graphs of order ∆(G) + γ t (G). Theorem 1.1. A cycle C n is γ t -critical if and only if n ≡ 1, 2(mod 4). Where ∆(G) ≥ 3 for Theorem 1.2-1.5. They also proposed an open problem:
Does there exist a 3-γ t -critical graph G of order ∆(G) + 3 with ∆(G) odd?
In this paper, we solve this open problem by constructing a family of 3-γ t -critical graphs with order ∆(G) + 3 for odd ∆(G) ≥ 9.
2 3-γ t -Critical Graph of order ∆(G) + 3
Let G be a 3-γ t -critical graph of order ∆(G) + 3. Let x ∈ V (G) be the vertex with deg(x) = ∆(G), and y, z be two vertices with y, z ∈ V (G) \ N (x).
We first give two necessary conditions for 3-γ t -critical graph of order
then S v would be a dominating set of G, a contradiction. Hence we have:
Lemma 2.2. yz ∈ E(G) and |N (v) ∩ {y, z}| = 1 for any v ∈ N (x).
Proof. By Lemma 2.1, S x = {y, z}, it follows yz ∈ E(G), N (y) ∪ N (z) = V (G) \ x, and |N (v) ∩ {y, z}| ≥ 1 for any v ∈ N (x). If |N (v) ∩ {y, z}| = 2, then S = {x, v} would be a dominating set of G, a contradiction. So |N (v) ∩ {y, z}| = 1. This completes the proof of Lemma 2.2.
Then, we proceed to prove that there exists a 3-γ t -critical graph of order ∆(G) + 3 with odd ∆(G) ≥ 9. We formulate such kind of graph G in Definition 2.1 for the case when ∆(G) is equivalent to 3 modulo 4 and in Definition 2.2 for the case when ∆(G) is equivalent to 1 modulo 4.
Then, ∆(G 4m+2 ) = 4m − 1, and the order of G 4m+2 is ∆(G 4m+2 ) + 3.
As an example, G 14 and its complement graph G 14 are shown in Figure  2 .1.
Figure 2.1: G 14 and its complement graph G 14 .
Proof. (a) Since S = {x, y 1 , y} is a total dominating set of G 4m+2 with |S| = 3, we have γ t (G 4m+2 ) ≤ 3.
(b) We prove γ t (G 4m+2 ) ≥ 3 by showing that S = {u, v} does not dominate G 4m+2 for any edge uv ∈ E(G 4m+2 ) in the following cases:
Case 3. S = {y, z}. Then x is not dominated by S.
. By symmetry, we only need to consider 1 ≤ j ≤ m. Since y j is not dominated by z j , then y i y j ∈ E(G 4m+2 ).
By (a) and (b), we have γ t (G 4m+2 ) = 3.
Proof. We prove this lemma by showing that there exists a subset
. By symmetry, we only need to consider
From the above cases, we have that γ t (G 4m+2 − v) = 2 for any vertex v ∈ V (G 4m+2 ).
As an immediate result of Lemma 2.3 and Lemma 2.4, we have the following:
Then, ∆(G 4m ) = 4m − 3, and the order of G 4m is ∆(G 4m ) + 3.
As an example, G 12 and its complement graph G 12 are shown in Figure  2 .2.
Proof. (a) Since S = {x, y 1 , y} is a total dominating set of G 4m with |S| = 3, we have γ t (G 4m ) ≤ 3. (b) We prove γ t (G 4m ) ≥ 3 by showing that S = {u, v} does not dominate G 4m for any edge uv ∈ E(G 4m ) in the following cases:
From the above cases, we have that γ t (G 4m − v) = 2 for any vertex v ∈ V (G 4m ).
As an immediate result of Lemma 2.6 and Lemma 2.7, we have the following:
From Theorem 2.5 and Theorem 2.8, we conclude that there exists a 3-γ t -critical graph G of order ∆(G) + 3 for an arbitrary odd integer ∆(G) ≥ 9. By theorem 1.4, we know that there is no 3-γ t -critical graph G of order ∆(G) + 3 with ∆(G) = 3, 5. Thus, in the rest of this paper, we shall prove that there does not exist a 3-γ t -critical graph of order ∆(G) + 3 with ∆(G) = 7.
Observation 2.9.
(a) there exists a pair of vertices (
(c) there exists at least one vertex
Theorem 2.10. There is no 3-γ t -critical graph of order ∆(G) + 3 with ∆(G) = 7.
Proof. Without loss of generality, by Lemma 2.2, we may assume that |N (y)| < |N (z)| and distinguish the possible 3-γ t -critical graphs of order ∆(G) + 3 with ∆(G) = 7 into three cases: Case 1. |N (y) \ {z}| = 1 and |N (z) \ {y}| = 6. By Observation 2.9, we derive a contradiction. Without loss of generality, we may assume that
Case 2.1. |N (y 1 ) ∩ (N (z) \ {y})| = 4, say y 1 z 1 , y 1 z 2 , y 1 z 3 , y 1 z 4 ∈ E(G). Then S z1 = {y 2 , z 5 }, y 1 y 2 , z 2 z 5 , z 3 z 5 , z 4 z 5 ∈ E(G), and {y 1 , z 2 } would be a dominating set of G(see Figure 2. 3. G 10.1 ), a contradiction. Case 2.2. |N (y 1 ) ∩ (N (z) \ {y})| = 3, say y 1 z 1 , y 1 z 2 , y 1 z 3 ∈ E(G). Then S z1 ∈ {{y 2 , z 4 }, {y 2 , z 5 }}, say S z1 = {y 2 , z 4 }, y 1 y 2 , z 2 z 4 , z 3 z 4 ∈ E(G), S z2 = {y 2 , z 5 }, z 1 z 5 , z 3 z 5 ∈ E(G), and {y 1 , z 3 } would be a dominating set of G(see Figure 2. 3. G 10.2 ), a contradiction. Without loss of generality, we may assume that
Case 3.1.1. |N (y 2 ) ∩ {z 1 , z 2 , z 3 }| = 3. Then z 1 , z 2 , z 3 ∈ N (y 3 ), S z1 = {y 3 , z 4 }. It follows that y 1 y 3 , y 2 y 3 , z 2 z 4 , z 3 z 4 ∈ E(G), {y 1 , z 2 } would be a dominating set of G(see Figure 2. 3. G 10.3 ), a contradiction.
, and {y 1 , z 1 } would be a dominating set of G(see Figure 2. 3. G 10.4 ), a contradiction. If S z1 = {y 3 , z 4 }, then y 1 y 3 , z 2 z 4 ∈ E(G), and {y 1 , z 2 } would be a dominating set of G(see Figure  2 .4. G 10.5 ), a contradiction.
Case 3.1.3.1.1. S z1 = {y 3 , z 2 }, then y 2 y 3 , z 2 z 3 ∈ E(G), z 4 is adjacent to at least one vertex of {y 3 , z 2 }, S z2 ∈ {{y 2 , z 1 }, {y 2 , z 4 }}.
Case 3.1.3.1.1.1. S z2 = {y 2 , z 1 }. Then z 1 z 3 ∈ E(G), S z3 ∈ {{y 2 , z 4 }, {y 3 , z 4 }}. If S z3 = {y 2 , z 4 }, then y 1 y 2 , z 2 z 4 ∈ E(G), and {y 1 , z 2 } would be a dominating set of G(see Figure 2. 4. G 10.6 ), a contradiction. If S z3 = {y 3 , z 4 }, then y 1 y 3 , z 1 z 4 ∈ E(G), and {y 1 , z 1 } would be a dominating set of G(see Figure 2.4. G 10.7 ) , a contradiction.
Case 3.1.3.1.1.2. S z2 = {y 2 , z 4 }. Then y 1 y 2 , z 3 z 4 ∈ E(G), S z3 = {y 2 , z 1 }, z 1 z 2 ∈ E(G), and {y 3 , z 2 } would be a dominating set of G(see Figure 2. 4. G 10.8 ), a contradiction. Case 3.1.3.1.2. S z1 = {y 3 , z 4 }, then y 1 y 3 , z 3 z 4 ∈ E(G), S z2 ∈ {{y 2 , z 1 }, {y 2 , z 4 }}.
Case 3.1.3.1.2.1. S z2 = {y 2 , z 1 }. Then y 2 y 3 , z 1 z 3 ∈ E(G), z 4 is adjacent to at least one vertex of {y 2 , z 1 }, S z3 = {y 3 , z 2 }, z 1 z 2 ∈ E(G), and {y 2 , z 1 } would be a dominating set of G(see Figure 2 .4. G 10.9 ), a contradiction.
Case 3.1.3.1.2.2. S z2 = {y 2 , z 4 }. Then y 1 y 2 ∈ E(G), and {y 1 , z 3 } would be a dominating set of G(see Figure 2 .4. G 10.10 ), a contradiction.
, and S z3 ∈ {{y 1 , z 1 }, {y 1 , z 2 }, {y 2 , z 1 }, {y 2 , z 4 }, {y 3 , z 4 }} would be a dominating set of G(see Figure 2.4. G 10.11 ), a contradiction.
Case 3.1.4. |N (y 2 ) ∩ {z 1 , z 2 , z 3 }| = 0. Then S z1 ∈ {{y 2 , z 4 }, {y 3 , z 4 }}, say S z1 = {y 2 , z 4 }, then y 1 y 2 , z 2 z 4 , z 3 z 4 ∈ E(G), S z2 ∈ {{y 1 , z 1 }, {y 1 , z 3 }, {y 2 , z 4 }, {y 3 , z 4 }} would be a dominating set of G(see Figure 2. 4. G 10.12 ), a contradiction.
, and {y 1 , z 2 } would be a dominating set of G(see Figure 2 .5. G 10.13 ), a contradiction.
Case 3.2.2.1. y 3 z 2 ∈ E(G). We may assume that |N (y 2 ) ∩ {z 3 , z 4 }| ≥ |N (y 3 ) ∩ {z 3 , z 4 }|. There are four subcases.
Case 3.2.2.1.1. y 2 z 3 , y 3 z 3 ∈ E(G). Then S z1 ∈ {{y 3 , z 2 }, {y 3 , z 3 }}, say S z1 = {y 3 , z 2 }. It follows y 2 y 3 , z 2 z 4 ∈ E(G), S z2 ∈ {{y 2 , z 1 }, {y 2 , z 3 }}.
Case 3.2.2.1.1.1. S z2 = {y 2 , z 1 }. It follows z 1 z 4 ∈ E(G). S z4 ∈ {{y 2 , z 3 }, {y 3 , z 3 }}, say {y 2 , z 3 }, then y 1 y 2 , z 2 z 3 ∈ E(G), and {y 1 , z 2 } would be a dominating set of G(see Figure 2 .5. G 10.14 ), a contradiction. Case 3.2.2.1.1.2. S z2 = {y 2 , z 3 }. It follows y 1 y 2 , z 3 z 4 ∈ E(G), S z4 ∈ {{y 1 , z 1 }, {y 2 , z 1 }}. If S z4 = {y 1 , z 1 }, then y 1 y 3 , z 1 z 3 ∈ E(G), and {y 3 , z 3 } would be a dominating set of G(see Figure 2 .5. G 10.15 ), a contradiction. If 
